I. SELF-ASSEMBLY IN COLLOIDAL SYSTEMS
The shape of colloidal particles is one of the most important features that dictates their complex collective behavior. As a result of recent advances in experimental techniques that allow the synthesis of colloidal particles with arbitrary shape and size [1] [2] [3] [4] , it is currently possible to use these particles as building blocks for the selfassembly of complex structures. Colloidal particles are appealing not only for fundamental studies as they are often large enough to allow direct observation of their self-organisation and dynamics, but also for applications as it is their size what makes them suitable candidates for the fabrication of mesoscopic structures that are not easily attainable using molecular systems 5, 6 . Furthermore, the ability to tune the repulsive and attractive contributions of the interparticle interactions by changing the properties of both the particle surface (surface charge, functional groups, tethered ligands, etc.) and the solvent medium has made possible an unprecedented level of control of complex structural designs [7] [8] [9] [10] . In the absence of significant attractive interactions, the properties of colloidal suspensions are mainly determined by packing effects that tend to increase the particles' translational entropy, thereby decreasing their free energy 11 . Computer simulations of hard-core particles, i.e., particles interacting purely by steric interactions, have played a central role in understanding the structure and order-disorder transitions of colloidal systems. 12 Numerous simulation studies have been reported focusing on the behavior of spherical particles and many other convex-shaped geometries, including unusual shapes like polyhedra [13] [14] [15] . For certain faceted convex shapes, the concept of entropic patchiness has been introduced to described the entropic directional forces taking place in the systems even in the absence of attractive interactions that promotes the formation of ordered faces. a) Electronic mail: carlos.avendano@manchester.ac.uk b) Electronic mail: fe13@cornell.edu These forces emerge from the collective behaviour of the colloidal systems at sufficiently high concentrations 15, 16 Colloidal particles with non-convex geometries, however, have received far less attention despite the significant advances that have been made in experimental techniques for their fabrication. Some examples of non-convex particles available with existing experimental techniques are shown in Figure 1 . A particle is said to be non-convex if, there exist two points inside the particle such that the line segment connecting them does not lie entirely inside the particle. This geometrical representation of non-convex particles is shown in Figure 1(a) . Different descriptors can be used to characterise the degree of anisotropy of the particles such as aspect ratio, circumscribed sphere radius, isoperimetric quotient, etc. [16] [17] [18] It is also useful to adopt a metric to describe the degree of convexity ζ of particles having arbitrary shape. One such choice, sketched in Figure 1(b) , is to define ζ as the ratio of the volume of a particle V p to the volume of its convex envelop (convex hull) V ch , i.e.,
Note that in the limit of ζ → 1 a particle becomes convex, while ζ → 0 indicates high degree of non-convexity. Alternatively, one could identify shape-complementary patches in the particles, e.g., by the convex and nonconvex regions of two particles that fit closely together (akin to entropic lock-and-key or patchy attractions, see Figure 1 (c)). Some of the earlier examples of non-convex shapes investigated were slight variants of their convex counterparts, such as the case of "banana"-shaped particles shown in Figure 1(d) 19,20 , whose phase behavior provided interesting departures to the known liquidcrystalline phases of rods and spherocylinders. Arguably, polymers, which have been extensively studied and are often modelled as bead-spring chains, can be regarded as "flexible" or re-configurable non-convex Brownian objects. Although some of the peculiar characteristics of polymer-polymer interactions (like the tendency to form entanglements) are ubiquitous in non-convex shapes, this review is only concerned with "rigid" particles that lack conformational entropy; however, small oligomers and dimers in particular constitute a natural point of intersection and divergence between those two classes of materials.
In general, single-component non-convex particles do not pack very efficiently since they are characterised by a free volume within their convex hull that is often inaccessible to neighbouring particles. This is particularly evident when the degree of convexity ζ → 0 such as in the case of thin rings (see Figure 1(e) ) 21, 22 and branched colloids 23 (see Figure 1(f) ). Inefficient packing in this context, however, does not always imply disordered states. In fact, several studies have shown that highly symmetric non-convex particles can form ordered structures having high free volumes, i.e., porous ordered materials [22] [23] [24] [25] . Non-convex particles offer many possibilities for the fabrication of functional materials as a result of their ability to self assemble into unique structures driven by mechanisms absent in convex particles such as particle interlocking, entanglement, and interpenetration 21, [24] [25] [26] [27] [28] [29] . These emerging materials are thus promising in a broad range of applications including drug delivery and therapeutics 30, 31 , catalysis 32 , sensing 33 , photonics 34, 35 , absorption 36 and nanopattern scaffolding 37 . From a modelling perspective, NC particles represent multiple challenges. For instance, global ergodic equilibration can be compromised by the occurrence of local interlocking configurations. Furthermore, in most cases, the particle geometry and the interparticle hard-core repulsion cannot be represented via a simple analytical form. With some exceptions, most recent attempts to model non-convex particles involve outlining a shape by an ensemble of smaller convex objects. For example, branched colloids have be modelled as ensembles of rodlike particles 38 , rings have been modelled as rigid ensembles of spheres 22, 29, 39 , and even more complicated geometries have been represented using triangular tessellation methods 24 . While generally effective and adaptable, such "multi-site" particle models tend to be computationally more expensive than those that can describe particle interactions via a single mathematical function.
FIG. 1. Geometrical representation of (a) convex and nonconvex objects and (b) the convex hull envelope used to define the degree of convexity ζ of an object, exemplified here for a dimer and a cubic frame; (c) Example of a particle shape containing both convex and non-convex (patchy) section. Two particles are shown forming a lock-and-key bond. Examples of non-convex particle shapes that are accessible with current experimental techniques: (d) curved (banana shaped) and twisted particles, and circular segments [39] [40] [41] ; (e) frames, rings, and cages 30, 32, [42] [43] [44] ; (f) branched particles and non-convex polyhedra 23, [45] [46] [47] [48] ; (g) dimers, clusters and protruded particles 49, 50 ; (h) bowls, lenses, indented and multicavity particles [51] [52] [53] [54] [55] .
The introduction of surface roughness to selected areas of convex colloidal particles has been shown to be an effective means to induce directional interparticle attractions in the presence of depletants able to penetrate the roughness features 56 . In this manner, the smoother parts of different particles experience a depletion-induced attraction. In some respects, this non-trivial effect of roughness on interpaticle interactions is tied to the fact that introducing roughness also introduces a level of nonconvexity to the particle shape. While the length scale of those non-convex features is typically much smaller than the overall particle size (to warrant altering the shape's convex vs. non-convex taxonomy), it is comparable or large relative to the depletant size.
II. HARD AND SOFT-CORE MODELS OF NON-CONVEX PARTICLES
A. Dumbbells, cluster-like and protruded particles Dumbbells, probably one of the simplest non-convex geometries, have attracted considerable attention due to their potential use for the fabrication of photonic materials 34, 57 . A dumbbell can be seen as a dimer of two spheres and is hence comprised by two lobes of diameters σ 1 and σ 2 permanently bonded at a fixed bond length l. Despite the system being formed by simple spherical lobes, dumbbells with different degree of convexity exhibit the formation of unusual structures due to the additional orientational degrees of freedom (absent in single spheres). [58] [59] [60] [61] [62] For example, computer simulations of hard homonuclear dimers, i.e., dumbbells formed by two tangent spheres with σ = σ 1 = σ 2 , are known to pack at high densities in a way similar to that of monodisperse spherical particles. However, the configurational degeneracy arising from the large number of possible arrangements of the particle bonds within the crystal lattice promotes the formation of aperiodic crystals 63, 64 . This crystals have been observed in both two and three dimensional systems in the bulk 58, 65 , and under strong geometrical confinement 66 . Dumbbells not only show a different phase behavior from spherical particles, but their phases also differ in mechanical and dynamical properties. The work of Gerbode and co-workers 67, 68 , for example, demonstrates that peanut-shape particles in a 2D monolayer exhibit a unique and slow mechanism of dislocation dynamics arising from their higher proclivity to become "caged" than spheres, as the interlocking of neighboring particles tends to restrict particle mobility. Similar factors have also been observed in binary mixtures of dimers and spheres when subject to constant stress and constant shear rate, where the interplay between dislocations and vacancies give rise to complex rheological and mechanical behavior 69 . These factors lead to a non-trivial collective behavior that is not observed in simple spherical systems; e.g., a transitional phase occurs before complete shear-induced crystal melting where the rate of crystal growth (driven by thermodynamics) is balanced out by the rate of melting (driven by shear). Such an intermediate state exhibits shear banding at a local level, and a hexatic-like behavior at the macroscopic level. For dumbbells with different lobe diameters and bond lengths, computer simulation studies using Monte Carlo simulation and free energy calculations have shown that the particles can exhibit a very rich phase behavior ranging from plastic crystals to aperiodic crystals, and aligned crystals 61, 62, 70 Changing the chemistry and the morphology (roughness) of one of the lobes of a dimer can also be used to target preferential interactions through the addition of depletants. This approach of controlling the interparticle interaction was demonstrated by Kraft and co-workers in a combined experimental and simulation study of asymmetric dimers comprised by one smooth lobe and one highly rough lobe 71 . The addition of depletant induces a net attractive interaction between the smooth lobes, as in janus particles 72 , leading to the formation of micellar aggregates. Experimentally, it is also possible to fabricate not only dimer-like particles but also trimers, multi spherical clusters 49, 55, 73 , colloidal molecules 74 , and particles with multiple patches in the form of protrusions decorating the surface 71, 75 . Examples of these particle shapes are also shown in Figure 1 (g). The viability of these more complex, anisotropic particles has motivated various simulation studies to examine in detail the mechanism underlying their phase and crystallization behavior 18, 76 , which could also help understand related phenomena in other complex systems such as in protein stability 77, 78 .
B. Interlocking of highly non-convex particles: formation of superporous ordered materials
In many instances, jamming, entanglement, and interlocking of anisotropic particles can lead to the formation of rigid disordered states [79] [80] [81] [82] . It has been demonstrated, however, that these mechanisms can be harnessed for the assembly of porous ordered structures at the microscale. As interlocking in some symmetric nonconvex shapes can only take place at specific particle orientations, these interactions can be described as entropic directional forces, i.e. entropic patches. In particular, ring-shaped particles 22 and octapods 23 represent two outstanding examples in which particle interlocking is one of the main mechanisms responsible for the formation of porous ordered structures.
Frame-like particles are interesting systems that, depending on the materials used for their fabrication (metals, polymer, silica, DNA, etc.), have shown exceptional performance in various fields such as catalysis, electronics and plasmonics, and drug encapsulation and delivery 32, 83, 84 . Some examples of these particle shapes are shown in Figure 1(e) . This performance is a consequence of the frames' intrinsic large surface to volume ratios, unusual optical properties, and significant mechanical elasticity, coupled with chemical-or biocompatibility. The phase behavior and packing of colloidal rings, which can be seen as planar frame-like particles, has been studied recently using a soft-repulsive coarse-grained model 22 . This study demonstrated that the partial interpenetration between ring molecules can induce their interlocking and lead to the formation of layered structures, which assemble in the form of smectic liquid crystalline phases with intrinsic porosity 22, 85, 86 . In particular, it was shown that both the degree of interpenetration and the symmetry of the rings are the main factors determining the stability of the ordered phases: smectic phases are favoured in systems of particles with large, symmetrical internal cavities that are conducive to high degree of interpenetration. Representative configurations of microstructures formed by circular rings with various degrees of interpenetration are shown in Figure 2 . The formation of porous smectic liquid crystalline phases observed in colloidal rings has also received a sound statistical mechanical basis using Onsager's theory at the second virial coefficient level 87 . The maximum packing of ring tori was also investigated by Gabbrielli et al. to show that major-to-minor radii ratios in the interval [0, 1.47074] allow maximum packing fractions, higher than that obtain with spherical objects, while ratios larger than 1.47074 lead to rapidly diminishing packing fractions due to the large internal cavity (thin rings) 21 .
Like nanoframes and nanorings, branched nanoparticles (nanocrystals) also possess high surface to volume ratios [88] [89] [90] . These particles, which are shown in Figure  1 (f), have been envisioned as potential building blocks for the fabrication of materials for solar cells and electronic devices 88, 91 , and as systems suitable for biomedical applications such as tracers, drug delivery carriers, and as agents for photothermal cancer trament 31 . Recently, various techniques have been advanced to control the particle size and the length of the particle branches, thus opening the possibility to create particles that selfassemble into target ordered superlattices 88 . These techniques include, for example, the growth of arms from a crystal nucleus or the selective growth of secondary arms 91 . These events are driven by such mechanisms as polymorphism and twinning of crystals in the presence of a surfactant that can selectively attach to specific facets and promote the selective growth of arms 89 . One of the challenges associated with these particles lies in predicting and controlling their spatial organisation to target specific microstructures. Using a combination of experiments and computer simulations, Miszta and co-workers have studied the self-assembly of 8-arm branched particles (octapods) in solution 23 . Their results show that the formation of ordered superlattices from octapods is a two-step process if the solvent, that controls the interparticle interactions, is chosen appropriately. The first step of the process involves the formation of linear chains driven by the interlocking of a particles as shown in Figure 3(a) , followed by the arrangements of the chains themselves to form a three-dimensional ordered porous superlattice (see Figure 3(b) ). Further control of the structures formed by particles with different arm lengths can be achieved by confining the particles in monolayers 38, 46, 92 . This type of confinement is readily realized when a liquid droplet containing the octapods is placed on a substrate and allowed to rapidly evaporate. The shrinking of the droplet effectively confines the particles in a liquid-air quasi-two dimensional interface that gradually concentrate the system, promoting the ordering of the system. In fact, other studies of branched-like particles confined in two-dimensional monolayers have also shown the potential of non-convex particles to form unconventional structures. Experimental 47 and simulation studies 25 , for example, have revealed the feasibility of fabricating chiral structures from the self-assembly of achiral cross-shaped particles confined in a plane, driven purely by the non-convex shape of the particles.
The large free volume attained in the structures from pure component systems of branched or frame-like colloids can potentially be occupied by a second component of appropriate shape and size. In such mixtures, the preferential contact between unlike particles implies that their interactions are effectively more attractive than those between like particles, a situation akin to of that of non-additive mixtures. This type of binary assembly, that resembles a jigsaw puzzle, was recently seen in mixtures of branched colloids with nanospheres 93 and with nanoplates 45 . These two studies represent interesting examples of the concept of lock-and-key interaction, in which two components can shape complement to form ordered superlattices.
C. Shape complementarity: Lock-and-key colloids
We known by experience that bowls can be piled up to fit them in cabinets. We are also familiar with classical shape sorting toys used to help toddlers to develop spatial skills in which particular geometrical objects can only fit in specific cavities (shape complementarity). Similar fits are observed at the nano and microscales where the shape of non-centrosymmetric bowl-like and indented particles (see Figure 1(h) ) can induce directional (patchy) interactions driven by entropic (packing) effects, giving rise to stacking, dimerization, and even (non-covalent) polymerization of the particles as shown in Figure 4 53,54,100,101 . Bowl-like particles can be synthesised from the buckling of thin spherical (hollow) shells. Experimental and simulation studies have shown that such hard colloidal bowls form worm-like randomly oriented stacks at sufficiently high concentrations, driven purely by entropic forces 54, 102 . A representative configuration of such phase is shown in Figure 4(c) . Although reports on the staking of bowl-like molecules had been known before 103, 104 , the work of Marechal and co-workers 54 represented one of the first studies showing that entropy itself can drive the stacking of indented colloids at the mesoscale. When the indentation in the bowl becomes shallow, a different aggregation phenomenon is observed. For example, contact lens-like particles modelled as non-convex spherical caps, show multiple phases behavior, ranging from a liquid crystalline nematic phase to cluster-like aggregates 105, 106 depending on the curvature of the particles, with the aggregates being remarkably different to the structures observed in convex-spherical caps 102, [107] [108] [109] .
With the aid of non-adsorbent polymers (depletant agents), the range and strength of these directional, interactions can be controlled even at low/moderate particle concentration to promote particle self-assembly, as demonstrated by experiments 53, 55, 110 and by computer simulations 100 . For example, the formation of worm-like colloidal polymers was demonstrated recently by Asthon and co-workers in a system of indented bowl-like colloids in the presence depletant particles (modelled explicitly as hard spheres) to induce attractive interactions between the colloids 100 . Based on excluded volume arguments, the indented colloids self-assemble into chains with a persistent length that depends of the depletant density. Explicit representation of depletants in simulations is not a trivial task due to the large size asymmetry between these particles and the large colloids in the system, and requires state-of-the-art Monte Carlo sampling algorithms. Quite remarkably, a similar system of indented colloids but with depletant modelled implicitly using an effective coarse-grained potential 111, 112 was found to also phase separate into two liquid phases: a depletantrich phase and a colloid-rich, porous phase characterised by the presence of polymeric colloidal aggregates 111 .
Crystallisation of indented colloids, however, still remains a challenge. Attempts to do so using, for example, sedimentation experiments have shown that these particles do not crystallise as easily as their spherical counterparts 113 . More recently, the same behaviour was observed using computer simulation where it was demonstrated that the indentation frustrates the formation of hexagonal crystal monolayer phases typically observed in systems comprised of spherical particles of similar size 114 .
Lock-and-key complementary interactions are, of
course, not exclusive to dimpled particles. In fact, recent studies have illustrated the limitless possibilities of using shape-complementarity to form structures of complex morphologies using particles with multiple indentations 55, 101, 115 . All the interesting behaviours found in lock-and-and key colloids has led to several follow-up simulation studies that have helped elucidate both the thermodynamics and kinetic mechanism of the associated phase transitions [116] [117] [118] [119] [120] . 
D. Shape complementarity and size non-additive mixtures
The behavior of colloidal systems with complementary shapes can be understood in terms of the well-known concept of size non-additive mixtures (NAM). In the case of binary mixtures of hard-spheres or Lennard-Jones beads of diameters σ A and σ B , for example, size nonadditivity essentially implies that the cross-interaction van-der Waals repulsion parameter between A and B is σ AB = (σ A +σ B ) 2
, so that, e.g., the so-called Lorentz combining rule is not obeyed and instead one writes
, where Δ = 0 for size additive mixtures and Δ = 0 for non-additive mixtures (NAMs). NAMs have been of interest from both theoretical and practical perspective. Theoretically, NAMs provide a distinct non-energetic microscopic mechanism to induce complex macroscopic phase behaviors such as fluid-fluid phase separation; one of the earlier and extreme examples of NAM is the Widom-Rowlinson mixture [94] [95] [96] where like species are non-interacting while unlike species experiences a hard-sphere potential (i.e., σ AB is finite while σ AA = σ BB = 0). From a practical viewpoint, many real mixtures are known to have some degree of non-additivity which can lead to non-ideal mixture phase behavior. For example, non-additive hard spheres form compound solids that exhibit congruent melting/freezing 97, 98 (i.e., where the solid and liquid have the same composition), a behavior that is common in binary organic mixtures 99 . In the context of NAMs, mixtures containing shape complementary components can be seen as cases where Δ < 0 even when the individual components may not have spherical shapes. Indeed, it is expected that qualitative features of the phase behavior of spherical NAMs would translate into non-spherical NAMs. One such key aspect is the effect of concentration or osmotic pressure on microstructure and phase behavior. This effect can be illustrated by means of a pseudo reaction that has associated a change in volume ΔV when the components A and B couple into a pseudo compound AB:
In the case of bowl-like particles, for example, the sequential stacking of the particles can be expressed via the following pseudo-reactions with ΔV i < 0:
In general, shape-complementary pairs have a ΔV < 0 which, in the case of spherical NAMs, correlates with Δ < 0. For non-convex particles ΔV would approximately quantify the entropic "patchiness" of the pair interactions. Equation 2 highlights the fact that the extent of inter-species coupling depends on the osmotic pressure P ; i.e., the higher the P the more to the right the equilibrium is shifted (toward the species with the smaller volume). Those cases where particles allow multiple simultaneous couplings so that polymer chains are assembled, can also be represented as additional pseudo reactions like:
A key, often overlooked, point to realize is, however, that the transition from structures where the A and B type particles are predominantly uncoupled to structures where they are predominantly coupled is driven by a P V contribution that lowers the free energy, i.e., by the fact that P ΔV < 0. Such an enthalpic P V effect is activated, however, by virtue of the existence of readily accessible compact coupled configurations that pack space more efficiently (thus ΔV < 0), an effect that is often embodied by the idea of packing entropy. It is important to point out that the above analysis is also applicable to many pure-component and mixture systems of convex particles where a ΔV < 0 can be associated with the transition from a disordered to an ordered phase. However, shapecomplementary systems are especial not only in that the magnitude of ΔV < 0 is typically larger but also because that magnitude is intuitively easy to envision and control (via particle shape design). Future studies are expected to exploit such opportunities, likely in conjunction with depletion effects. 59 . Additional studies are also warranted to better understand how non-convex particles can reconfigure their shapes in response to their external environment, mimicking what certain biological systems do very efficiently 26, 124 Studies aimed to understand the collective behaviour and hydrodynamics of suspensions of non-convex particles are still in their infancy. Representative examples include studies of the dynamic behaviour of dilute suspension of branched particles 125, 126 , selfpropelled C-shape particles 39 , non-convex multi-dimpled discs 127, 128 , and spherical clusters 129 . Finally, theoretical models are needed to help explain and synthesise the complex phenomena arising in non-convex particles; while such studies have started to emerge 60,87,100,130 , there remain many challenges for the theoretical community.
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